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Question 1 (4 points) Calculons q1 et q2 pour x = 0.75m et y = 0.75m :

K = −0.53

q2d(1) = 2.1294 rad (122̊)

q1d(1) = 0.2622 rad (15̊)

qd(1) =

[
0.2622
2.1294

]
rad

0J−1 =

[
−0.8628 0.8039
−1.4151 −1.4151

]

q̇d(1) = 0J−1

[
1
−1

]
m/s

=

[
−1.6667

0

]
rad/s

0J̇ =

[
−a2C12(q̇1 + q̇2)− a1C1q̇1 −a2C12(q̇1 + q̇2)
−a2S12(q̇1 + q̇2)− a1S1q̇1 −a2S12(q̇1 + q̇2)

]

=

[
1.0000 −0.6097
1.0000 0.5681

]

q̈d(t) = 0J−1(qd)

{[
ẍd(t)
ÿd(t)

]
− 0J̇(qd)q̇d(t)

}

q̈d(1) = 0J−1

{[
−1

1

]
m/s2 − 0J̇ q̇d(1)

}

=

[
1.5684
−4.7170

]
rad/s2

Question 2 (6 points)

Soit deux constantes k1 et k2, nous avons

x1 = 0

y1 = 0

z1 = k1

x2 = − [D1 + l2 cos(q2)] sin(q1)

y2 = [D1 + l2 cos(q2)] cos(q1)

z2 = k2 + l2 sin(q2)

ẋ1 = ẏ1 = ż1 = 0

v21 = 0
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ẋ2 = − [D1 + l2 cos(q2)] cos(q1)q̇1 + l2 sin(q2) sin(q1)q̇2

ẏ2 = − [D1 + l2 cos(q2)] sin(q1)q̇1 − l2 sin(q2) cos(q1)q̇2

ż2 = l2 cos(q2)q̇2

v22 = [D1 + l2 cos(q2)]
2 q̇21 + l22q̇

2
2

T1 =
1

2
I1q̇

2
1

T2 =
1

2
m2

{
[D1 + l2 cos(q2)]

2 q̇21 + l22q̇
2
2

}
U1 = m1gk1

U2 = m2g[k2 + l2 sin(q2)]

L =
1

2
I1q̇

2
1 +

1

2
m2

{
[D1 + l2 cos(q2)]

2 q̇21 + l22q̇
2
2

}
−m1gk1 −m2g[k2 + l2 sin(q2)]

∂L

∂q̇1
= {I1 +m2 [D1 + l2 cos(q2)]

2}q̇1

d

dt

(
∂L

∂q̇1

)
= {I1 +m2 [D1 + l2 cos(q2)]

2}q̈1 − 2m2l2 [D1 + l2 cos(q2)] sin(q2)q̇1q̇2

∂L

∂q1
= 0

τ1 = {I1 +m2 [D1 + l2 cos(q2)]
2}q̈1 − 2m2l2 [D1 + l2 cos(q2)] sin(q2)q̇1q̇2

∂L

∂q̇2
= m2l

2
2q̇2

d

dt

(
∂L

∂q̇2

)
= m2l

2
2q̈2

∂L

∂q2
= −m2l2 [D1 + l2 cos(q2)] q̇

2
1 sin(q2)−m2gl2 cos(q2)

τ2 = m2l
2
2q̈2 +m2l2 [D1 + l2 cos(q2)] q̇

2
1 sin(q2) +m2gl2 cos(q2)

[
τ1
τ2

]
=

[
I1 +m2 [D1 + l2 cos(q2)]

2 0
0 m2l

2
2

] [
q̈1
q̈2

]

+

[
−2m2l2 [D1 + l2 cos(q2)] sin(q2)q̇1q̇2
m2l2 [D1 + l2 cos(q2)] q̇

2
1 sin(q2)

]
+ g

[
0

m2l2 cos(q2)

]
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Question 3 (1 point)

Commande par couple précalculée.

Question 4 (1 point)

Les splines nous donnent des trajectoires continues en position, vitesse et accélération
passant par plusieurs points.

Question 5 (2 points)

t = 3/2 et hi = 1 :

S1(t) = a1 + b1(t− t1) + c1(t− t1)2 + d1(t− t1)3

En X :

a1 = 0

c1 = 0

b1 = (a2 − a1)−
1

3
(2c1 + c2) = −2− 1

3
(0 + 3) = −3

d1 =
c2 − c1

3
= 1

x = −3

2
+

1

8
= −11

8
dx(t)

dt
= b1 + 2c1(t− t1) + 3d1(t− t1)2 = −3 + 0 +

3

4
= −9

4

En Y :

a1 = 1

c1 = −3

2

b1 = (a2 − a1)−
1

3
(2c1 + c2) = −1− 1

3
(−3 + 0) = 0

d1 =
c2 − c1

3
=

1

2

y = 1− 3

2
· 1

4
+

1

2
· 1

8
=

11

16
dy(t)

dt
= b1 + 2c1(t− t1) + 3d1(t− t1)2 = 0− 3

2
+

3

8
= −9

8

Vitesse tangentielle = 2.5156.
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Question 6 (4 points)

a) Après avoir déterminé les centröıdes des balises en coordonnées pixel (après seuillage,
étiquetage ou autre technique), il faut déterminer les éléments de la matrice :

P CT U =


a11 a12 a13 a14
a21 a22 a23 a24
0 0 0 0
a41 a42 a43 1


par moindres carrés (avec n ≥ 6 balises) :



xb1 yb1 z0 1 0 0 0 0 −ib1xb1 −ib1yb1 −ib1z0
0 0 0 0 xb1 yb1 z0 1 −jb1xb1 −jb1yb1 −jb1z0
xb2 yb2 z0 1 0 0 0 0 −ib2xb2 −ib2yb2 −ib2z0
0 0 0 0 xb2 yb2 z0 1 −jb2xb2 −jb2yb2 −jb2z0
...

...
...

...
...

...
...

...
...

...
...

xbn ybn z0 1 0 0 0 0 −ibnxbn −ibnybn −ibnz0
0 0 0 0 xbn ybn z0 1 −jbnxbn −jbnybn −jbnz0





a11
a12
a13
a14
a21
a22
a23
a24
a41
a42
a43



=



ib1
jb1
ib2
jb2
...
...
ibn
jbn



b) comme on connâıt le Z = z0 des points des objets, on a
kio
kjo
0
k

 =


a11 a12 a13 a14
a21 a22 a23 a24
0 0 0 0
a41 a42 a43 1



xo
yo
z0
1


 kio
kjo
k

 =

 a11 a12 a13 a14
a21 a22 a23 a24
a41 a42 a43 1



xo
yo
z0
1


Les inconnues sont xo, yo et k. On a donc

k

 io
jo
1

 =

 a11 a12
a21 a22
a41 a42

 [ xo
yo

]
+

 a13 a14
a23 a24
a43 1

 [ z0
1

]

En isolant xo, yo et k, on obtient −a11 −a12 io
−a21 −a22 jo
−a41 −a42 1


 xo
yo
k

 =

 a13 a14
a23 a24
a43 1

 [ z0
1

]
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 xo
yo
k

 =

 −a11 −a12 io
−a21 −a22 jo
−a41 −a42 1


−1  a13 a14

a23 a24
a43 1

 [ z0
1

]

Question 7 (2 points)

Après calculs, on obtient

m00 = 25

m01 = m10 = 1 + 3 · 2 + 5 · 3 + 7 · 4 + 5 · 5 + 3 · 6 + 1 · 7 = 100

ī = 4

j̄ = 4

µ11 = 0

µ02 = µ20 = 2(5 + 3(22) + 1(32)) = 52

φ1 =
µ20 + µ02

(m00)2
= 0.1664

φ2 = 0

a = b

φ1théor. =
1

12
(1 + 1) = 0.1667

φ2théor. = 0

Dans ce cas, la discrétisation n’a pas influencé les valeurs.
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